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Abstract. Using the Luthar— Passi method, we investigate the classical Zassen- 
haus conjecture for the normalized unit group of the integral group ring of the 
Higman-Sims simple sporadic group HS. As a consequence, we confirm the 
Kimmerle's conjecture on prime graphs for this sporadic group. 



1. Introduction and main results 

Let V{1jG) be the normalized unit group of the integral group ring ZG of a 
finite group G. One of most interesting conjectures in the theory of integral group 
ring is the conjecture (ZC) of H. Zassenhaus [55], saying that every torsion unit 
u G V(ZG) is conjugate to an element in G within the rational group algebra QG. 

For finite simple groups, the main tool of the investigation of the Zassenhaus 
conjecture is the Luthar-Passi method, introduced in [21] to solve the (ZC) for 
A5. Later in [16] M. Hertweck extended and applied it for the investigation of the 
Zassenhaus conjecture for PSL(2,p n ). The method proved to be useful for groups 
containing non-trivial normal subgroups as well. We refer to [5J [131 EH [T7] [TB] 
for recent results. Related results can be found in and [3] [30] • In the latter 

papers weakened versions of the (ZC) were conjectured. 

In order to state one of these we introduce some notation. By #(G) we denote 
the set of all primes dividing the order of G. The Gruenberg-Kegel graph (or the 
prime graph) of G is the graph tt(G) with vertices labelled by the primes in #(67) 
and there is an edge from p to q if and only if there is an element of order pq in the 
group G. In [20] W. Kimmerle proposed the following: 

Conjecture (KC): if G is a finite group then tt(G) — %(V(ZG)). 

Obviously, the Zassenhaus conjecture (ZC) implies the Kimmerle conjecture 
(KC). In 20J it was shown, that (KC) holds for finite Frobenius and solvable 
groups. We remark that with respect to the so-called p- version of the Zassenhaus 
conjecture the investigation of Frobenius groups was completed by M. Hertweck and 
the first author in [4]. In [7] [9] [11] , (KC) was also confirmed for certain Mathieu 
sporadic simple groups, and in [6] - for some Janko sporadic simple groups. 

In this paper we continue these investigations for the Higman-Sims simple spo- 
radic group HS. The main result provides information about the possible torsion 
units in V(ZHS). An immediate consequence is a positive answer to (KC) for HS. 
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In order to state the result we need to introduce some notation. Let G be a 
group. Let C = {Ci, ■ ■ ■ , G„t, ■ ■ ■} be the collection of all conjugacy classes of G, 
where the first index denotes the order of the elements of this conjugacy class 
and C\ = {1}. Suppose u = J2 a g9 e V(JjG) has finite order k. Denote by 
v n t — v n t(u) — £c„ t ( u ) = ^2g£c t a S' ^ e P ar ti & l augmentation of u with respect to 
C n t- From the Berman-Higman Theorem (see [5] and [23], Ch.5, p. 102) one knows 
that v\ — cti — and 

(i) E "»* = L 

c nt ec 

Hence, for any character \ °f G, we get that x( u ) — S v ntx{hnt), where h n t is a 
representative of a conjugacy class C n t- 
The main result is the following. 

Theorem 1. Let G denote the Higman-Sims simple sporadic group HS. Let u be a 
torsion unit ofV(ZG) of order \u\. Denote by ty(u) the tuple 

ai ^26i ^3ai ^4a^46) ^4ci ^5a? ^db: ^5c; ^Qa: ^66: ^Vaj 

^8a, ^867 ^80 ^10a, ^10b> Vila, I'llb, ^12(1, ^15a, ^20a, ^20b) G ^ 23 

of partial augmentations of u in V(ZG). The following properties hold. 

(i) There is no elements of orders 14, 21, 22, 33, 35, 55 and 77 in V(ZG). 
Equivalently, if \u\ g" {24,30,40,60,120}, then \u\ coincides with the order 
of some g G G. 

(ii) // \u\ G {3,7}, then u is rationally conjugate to some g G G. 

(iii) // |u| = 2, the tuple of the partial augmentations of u belongs to the set 

{ «p(«) | (y 2a , u 2b ) G { (0, 1), (-2, 3), (2, -1), (1, 0), (3, -2), (-1, 2) }, 

v kx = Q, fee £ {2a, 26} }. 

(iv) // |u| = 5, the tuple of the partial augmentations of u belongs to the set 

{<V(u) | (i/ 5a ,i/ 56 ,i/ 5c ) G { (-2,-1,4), (-1,-1,3), (0,-1,2), (1,-1,1), 
(1,3,-3), (0,3,-2), (-3,0,4), (-2,0,3), (1,0,0), (1,4,-4), 
(-1,0,2), (0,0,1), (0,2,-1), (-1,2,0), (1,2,-2), (0,1,0), 
(-2,-2,5), (-1,-2,4), (0,-2,3), (1,-2,2), (1,1,-1), 
(-2, 1, 2), (-1, 1, 1) }, v kx = 0, kx i {5a, 56, 5c} }. 

(v) // |u| = 11, the tuple of the partial augmentations of u belongs to the set 

{ y(u) | (una^m)) G { (5,-4), (4,-3), (-2,3), (2,-1), (-3,4), 

(-4,5), (1,0), (3,-2), (-1,2), (0,1)}, 

v kx = 0, kx $ {11a, lib} }. 

Corollary 1. If G is the Higman-Sims sporadic group, then 7r(G) = 7r(V(ZG)). 

2. Preliminaries 

The following result relates the solution of the Zassenhaus conjecture to vanishing 
of partial augmentations of torsion units. 
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Proposition 1. (see [21] and Theorem 2.5 in [23]^ Let u G V(ZG) be of order k. 
Then u is conjugate in QG to an element g £ G if and only if for each d dividing 
k there is precisely one conjugacy class C with partial augmentation ec{u d ) 7^ 0. 

The next result yield that several partial augmentations are zero. 

Proposition 2. (see [IS], Proposition 3.1; [15], Proposition 2.2) Let G be a finite 
group and let u be a torsion unit in V(ZG). If x is an element of G whose p-part, 
for some prime p, has order strictly greater than the order of the p-part of u, then 
£ x {u) = 0. 

Another important restriction on the partial augmentations is given by the fol- 
lowing result. 

Proposition 3. (see [211 116) ) Let either p = or p is a prime divisor of \G\. 
Suppose that u G V(Z,G) has finite order k and assume that k and p are coprime 
when p ^ 0. If z is a complex primitive k-th root of unity and \ is either a classical 
character or a p-Brauer character of G then, for every integer I, the number 

is a non-negative integer. 

Note that if p = 0, we will use the notation /i;(it, \> *) f° r Xi 0)- 
Finally, we shall use the well-known bound for orders of torsion units. 

Proposition 4. (see jH]^ The order of a torsion element u G V(ZG) is a divisor 
of the exponent of G. 

3. Proof of the Theorem 

In this section wc denote by G the Higman-Sims simple sporadic group HS. It is 
well known [H [14] that 

\G\ = 44352000 = 2 9 • 3 2 • 5 3 • 7 • 11 and exp(G) = 9240 = 2 3 • 3 • 5 • 7 • 11. 

The character table of G, as well as the Brauer character tables (denoted by 5$£X(p), 
where p G {2, 3, 5, 7, 11}) can be found by the computational algebra system GAP 
[14] , which derives its data from [T3] HH] • Throughout the paper we will use the 
notation of GAP Character Table Library for the characters and conjugacy classes 
of the Higman-Sims group HS. 

From the structure of the group HS we know that it possesses elements of orders 
2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 15 and 20. We begin our investigation with units of 
orders 2, 3, 5, 7 and 11. We do no treat the remaining cases (4, 6, 8, 12, 15, 20), 
because in these cases the computation is quite complex. Since by Proposition [4] 
the order of each torsion unit divides the exponent of G, it remains to consider in 
addition only the units of orders 14, 21, 22, 24, 30, 33, 35, 40, 55, 60, 77 and 120. 
Now we omit five remaining cases: 24, 30, 40, 60 and 120, since these cases are 
computationally too complicated. We can prove that the order of an unit can not 
be equal to 14, 21, 22, 33, 35, 55 or 77. 

Thus, in this paper we are going to treat the cases when the order of u is: 2, 3, 
5, 7, 11, 14, 21, 22, 33, 35, 55 and 77. 

• Let \u\ G {3, 7}. Since there is only one conjugacy class in G consisting of elements 
or order this case follows at once from Proposition [2] Thus, for units of orders 3 
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and 7 we obtained that there is precisely one conjugacy class with non-zero partial 
augmentation. Proposition Q] then yields part (ii) of the Theorem. 

• Let u be an involution. By (fT]) and Proposition [5] we get v 2a + v 2 b = 1- Applying 
Proposition [3] to the character X2 we S e t the following system of inequalities 

Mo(u, X2, *) = W»2a - 2is 2b + 22) > 0; 
X 2, *) = \{-§v 2a + 2v 2b + 22) > 0. 

From the requirement that all (j,i(u,XjiP) must be non-negative integers it can be 
deduced that (^2a,^2b) satisfies the conditions of part (iii) of the Theorem. 

• Let u be a unit of order 5. By (fT]) and Proposition [2] we obtain that 

Vba + Vbb + V 5c = 1. 

Put t\ — 3^5 a — 2^5t — 2v$ c and t 2 = 1v$ a — 3^5b + 2v$ c . Again applying Proposition 
El to the characters \2, X3 an d X4: we obtain the system of inequalities 

W>(u,X2, *) = |(-4ti + 22) > 0; Ml (u, X2 , *) = |(ti + 22) > 0; 

W)(«,X3, *) = |(4*2 + 77) > 0; ^(u, Xs, *) = |(-*2 + 77) > 0; 

fi (u, X 3,2) = |(24hj - 16z/ 56 + 4i/ 5c + 56) > 0; 

Mo (u,X4,2) - i(28z/ 5a + 8i* 6 - 12z/ 5c + 132) > 0; 

Mo(u,X3,3) - ±(-4^ + 16^-4^ + 49) > 0, 

that has only 23 integer solutions (v5 a , ^56, ^5c) (they are listed in the part (iv) of 
the Theorem) such that all m{u, Xj i P) are non- negative integers. 

• Let u be a unit of order 11. By (jTJ) and Proposition [2] we have 

V2a + VZa + V 6a = 1. 

Applying Proposition[3]to the characters in 2$£T(3) and Q3£X(5) we get the system 

Hi(u,xu, *) = n( 6t/ Ho - 5l/llb + 896 ) - °! 
A i 2(u,Xi4, *) = Tr(-5^ii a + 61^116 + 896) > 0; 

Mi(«) X3, 3) = jj(6i/n a - 5i/ n6 + 49) > 0; 

M2(w, X3, 3) = jj(-5^ii a + 6vub + 49) > 0; 

|Ui(u, X9, 5) = jj-(6i/ii - 5^n b + 280) > 0; 

Hi{u, X9, 5) = ^[(-5i/u a + 6vub + 280) > 0, 

that has only ten integer solutions {v\i a , vvib, ^ea) listed in part (v) of the Theorem. 

• Let u be a unit of order 14. By (jTJ) and Proposition [2] we have 

(2) V 2a + V 2 b + VTa, = L 

Put 



(3) (a, ft 7,*) = 



'(34,22,90,64), 


if 


X(u 7 ) 


= x(2a); 




(26,30,78,76), 


if 


X(u 7 ) 


= X(2&); 




(10,3,54,100), 


if 


X(u 7 ) 


= -2x(2a) 


+ 3x(26); 


(42,14,102,52), 


if 


X(u 7 ) 


= 2x(2a) - 


x(26); 


(-1,6,114,40), 


if 


X(u 7 ) 


= 3x(2a) - 


2 X (26); 


^ (18, 38, 66, 88), 


if 


X(u 7 ) 


- -X(2a) 4 


-2x(26). 
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Additionally, we set 

(4) ti = 6v 2a - 2^ 2 fc + via and t 2 = 13v 2a + v 2h . 

Since \vJ\ = 2, for any character x of G we need to consider six cases, defined by 
part (iii) of the Theorem. Using Proposition [3l it is easy to check, that in all six 
cases we have the following system of inequalities: 

(5) Mo(«,X3,*) = 13(6*2 + 7) > 0; 1*7(11, xs, *) = n(-6*2 + § ) > °- 

Furthermore, if xiu 7 ) G { x(2a), *(2&), 2x(2a)~x(2&), ~x(2a) + 2x(26) }, then 
again by Proposition [3] we get the system: 

(6) /ioKX2,*) = ^(6ti + a) >0; w(u,X2,*) = £(-6ti + /?) > 0. 
If xiu 7 ) — ~2%(2a) + 3x(26) then similarly as before, we obtain that 

(7) fi (u,X2,*) = j S (Qt 1 + a) >0; // 2 (u, X 2, *) - £(-tx + P) > 0. 
Finally, if xiu 7 ) — 3x(2a) — 2x(26) then by Proposition [3] we have 

(8) fi 1 (u,X2,*) = j I (ti + a) >0; /i 7 (u, X2, *) = n(-6«i +j9) > 0. 

If we substitute the possible values of (a, (3, 7, 5) from |[3| into ([5])- (O, then we can 
compute the possible values of t\ and t 2 in all of the tree cases. Now we substitute 
back these values of t\ and t 2 into (HJ). Then (J2J) and ([3]) gives tree linear equations 



for v 2a , v 2b and v 7a . Since 



111 

6-21 

13 1 



^ 0, this system has an unique solution, but 



this solution is not integral. 

• Let u be a unit of order 21. By ([I]) and Proposition [2] we have v 3a + v 7a = 1. 
Using Proposition [3] for the characters X2, X3 °f G, we get the following system 

Ho(u, X2, *) = ^(48v 3a + I2v 7a + 36) > 0; 

M7 (u, X 2,*) = ±(-24v 3a -6v 7a + 24) >0; 

Mi(«>X3)*) = ^-(5^ 3 a + 72) > 0, 

which has no nonnegative integral solution (v 3a ,V7 a ). 

• Let u be a unit of order 22. By |T]) and Proposition [2] we have 



V 2a + ^26 + Vila + "116 = 1- 



Put 



(9) (a,f3) = 



'(28,16), 


if 


Xiu 11 ) 


= X(2a); 




(20,24), 


if 


xiu 11 ) 


= X(2b); 




(4,4), 


if 


Xiu 11 ) 


= -2x(2a) 


+ 3x(26); 


(36,8), 


if 


Xiu 11 ) 


= 2x(2a) - 


x(2&); 


(0,0), 


if 


Xiu 11 ) 


= 3x(2a) - 


2x(26); 


,(12,32), 


if 


Xiu 11 ) 


= -X(2a) H 


-2x(26). 



Moreover set 



(10) ti = 3v 2a - v 2 b, h = 13v 2a + v 2b , 



t 3 = 16v 2b + hvn a - 6v iu . 
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Since |it n | = 2 and \u 2 \ = 11, for any character \ of G we need to consider 60 cases, 
denned by parts (iii) and (v) of the Theorem. We parameterize these six cases by 
values of (a, (3) from ©. 

Case 1. Let (a, f3) — (28, 16). Then by Proposition [3] we get the system 

Mo(w,X2,*) = s( 20 *i +<*) ^ °5 M11KX2,*) = i(-20ti+/3) > 0, 

that has no integral solution. 

Case 2. Let (a,/?) = (20,24). Then by Proposition we get the system 

(11) Mo(u,X2,*) = ^(20ti + a) >0; /in(u,X2, *) = ^(-20ti + > 0. 

Again by Proposition we obtain that 

Mo(u,X3,*) = ^(10i 2 + 78) > 0; m(u,X3,*) = ^(*2 + 76) > 0; 

/*n(«,X3,*) = ^(-10t 2 + 76) >0; 



(12) 



where 



fii(u, xu, *) = ^(16^26 + 5ni Q - 6^116 + 7) > 0; 
H4,(u, Xu, *) = ^(-iS^fc - 5i/n a + 6l/ U 6 + (5) > 0, 



' (886, 918), 


if 




= X(26) 


an d 


x(« 2 ) 


= x(na); 




(875, 907), 


if 




= X(26) 


and 


x(« 2 ) 


= x(nf>); 




(930, 962), 


if 




= X(26) 


and 


x(« 2 ) 


= Bx(llo) - 


4 X (116); 


(853, 885), 


if 


x^ 11 ) 


= X(26) 


an d 


x(« 2 ) 


= -2 X (Ua) 


+ 3x(Hfc); 


1 (897, 929), 


if 


xt" 11 ) 


= X(26) 


and 


x(« 2 ) 


= 2 x (lla) - 


x(n6); 


| (842, 874), 


if 


x^ 11 ) 


= X(26) 


an d 


x(" 2 ) 


= -3 X (lla) 


4-4 x (llfe); 


(831, 863), 


if 


xt^ 11 ) 


= X(2a) 


a nd 


X(u 2 ) 


= -4 x (lla) 


+ 5x(H6); 


(908, 940), 


if 


xt^ 11 ) 


= X(2a) 


and 


X(u 2 ) 


= 3 X (llo) - 


2x(iif>); 


(864, 896), 


if 


xt^ 11 ) 


= X(2a) 


and 


X(u 2 ) 


= -x(Ua) - 


1- 2x(life); 


k (919, 951), 


if 


xt^ 11 ) 


= X(26) 


and 


x(« 2 ) 


= ixt.Ha) - 


3 X (116). 



(7,<5) 



If we substitute the possible values of (7, S) into (fTTj) - (|T2)) . then it is easy to check 
that ti = —1 and t 2 = 1 (also we can calculate £3). Now we substitute back these 
values of ti, t 2 and t% into pop . Then (TTJ) and (flU)) gives four linear equations 

1 1 



for v 2a , v 2h , vu a and Since 



-1 
1 

16 



7^ 0, this system has an unique 



solution, but this solution is not integral. 

Case 3. Let (a, j3) — (4,4). Then by Proposition [3] we get the system 



Mo(w,X2,*) = ^(20ti + 4) >0; 
Mo(u,X3,*) = ^-(10*2 + 54) >0; 
X14, *) = ^{h + 7) > 0; 



M2(M,X2,*) = 2l(-2i 1 +4)>0; 
/*n(«,X3,*) = ^(-10t 2 + 100) >0; 
(H(u, xu, *) = ^(-*3 + 6) > 0, 



where 



(7,*) 



(854,950), if x(" ) = x(Ha); 

(843,939), if x(™ 2 ) = x(H6); 

(898,994), if x(" 2 ) = 5 X (Ho) - 4 X (H6); 

(821,917), if x (" 2 ) = -2x(Ho) + 3x(H6); 

(865,961), if x(" 2 ) = 2 x (lla) - x(llf>); 

(810,906), if x(" 2 ) = -3x(Ha) + 4x(llb); 

(799,895), if x(™ 2 ) = -4x(lla) + 5x(H6); 

(876,972), if x(" 2 ) = 3 X (Ho) - 2 x (lli); 

(832,928), if x(™ 2 ) = -x(Ho) + 2x(U&); 

(887,983), if x(™ 2 ) = 4 x (lla) - 3x(ll&). 



By easy calculation we obtain that t\ = 2 and t% G { — 1, 10}. This case is similar 
to the previous ones, so we can conclude that there is no integral solution. 
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Case 4. Let (a, (3) — (36,8). Then by Proposition [3] we get the system 

W>(«> X2, *) = ^(20*i + a) > 0; n u (u, X 2, *) = ^(-20*i + /3) > 0, 

which leads to a contradiction. 

Case 5. Let (a,/3) = (0,0). Then by Proposition [3] we get the system 

m(u, X 2,*) = ^(2ti) > 0; /in(«,X2,*) = ^(-20ii) > 0; 

A*o(«, Xa, *) = 25(10*2 + H4) > 0; («, Xa, *) = ^(-10*a + 40) > 0; 

Ml( w , X14, *) = 5g(*3 + 7) > 0; M4(«, Xl4, *) = ^(~*3 + <*) > 0, 

where 



'(935,880) 


if 


x(« 2 ) 


= x(iio); 




(923,859), 


if 


X(u 2 ) 


= x(nft); 




(978,914), 


if 


X{u 2 ) 


= Bx(llo) - 


4 x (llt>); 


(901, 837), 


if 


x{u 2 ) 


= -2 x (llo) 


+ 3 X (116); 


1 (945, 881), 


if 


X(u 2 ) 


= 2 x (lla) - 


x(Hfc); 


| (890, 826), 


if 


X(u 2 ) 


= -3 X (llo) 


+ 4 X (116); 


(879, 815), 


if 


X{u 2 ) 


= -4 x (lla) 


+ 5 X (116); 


(956, 892), 


if 


X(u 2 ) 


= 3 X (lla) - 


2 x (llb); 


(912, 848), 


if 


X{u 2 ) 


= -x(lla) H 


-2 X (116)S 


t (967, 903), 


if 


X(u 2 ) 


= 4 x (lla) - 


3 X (llb). 



By easy calculation we obtain that t\ = and t 2 G {—7, 4}. This case is similar to 
the Case 3, so we can conclude that there is no integral solution in this case too. 
Case 6. Finally, let (a, f3) = (36,8). By Proposition [3] we obtain the system: 

W>(«> X2, *) = 25(20ti + 12) > 0; /x u (u, X2,*) = &(-20ti + 32) > 0, 

which has no integral solution. 

• Let u be a unit of order 33. By ([T]) and Proposition^ we get z^a + ^iia + ^iib = 1- 
Again, using Proposition [3] we obtain that 

fi (u, X 2,*) = ^(80^ + 30) > 0; fi n (u,X2,*) = ^(-40^ 3a + 18) > 0, 

that has no integral solution. 

• Let u be a unit of order 35. By ([1]) and Proposition [2] we have that 

"5a + ^5b + ^5c + V 7a = 1. 

Since \u 7 \ = 5, for any character X we need to consider 23 cases, defined by part 
(iv) of the Theorem. Using Proposition O we divide these 23 cases into five groups: 
Group 1. Let x( u7 ) belongs to the following set 

{ x(5o) - x(56) + x (5c), x(5o) + 4 X (56) - 4 x (5c), 
X (5a) + 3 X (56) - 3 X (5c), x (5o) - 2 X (56) + 2 x (5c), 
X (5a) + 2 X (56)-2 X (5c), X (5a) + X (56) - X (5c), X (5a) }. 
Applying Proposition [3] to the character X 2 we construct the following system 
M5(u,X2, *) = ^(12f5 - 81/5& - 8v 5c - 4v 7a + 9) > 0; 
lk){u, X2,*) = 35 (— 6(12f 5a - 8^ 5b - 8^ 5c - 4j/ 7q ) + 16) > 0, 

which has no integral solution. 

Group 2. Let X (it 7 ) belongs to the following set 

{ X (5&), X (5c), - X (5&) + 2 x (5c), 3 X (56)-2 x (5c), 

2 X (56) - X (5c), -2 x (56) + 3 X (5c) }. 
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Using Proposition [3] to the character \2 we get the system 

jj,r(u, X2, *) = -ki^5a - 12f 5 h - 12f 5c - 6v7a + 26) > 0; 

Mo(«, X2, *) = ^(-72za; + 48z/ 56 + 48z/ Sc + 24;/ 7a + 36) > 0, 

which has no integral solution. 

Group 3. Let X (it 7 ) belongs to the following set 

{ -2 X (5a)- X (56) + 4 X (5c), -2 X (56) + 3 X (5c), 

- 2 X (5a) - 2 X (56) + 5 X (5c), -2 X (5a) + X (56) + 2 X (5c) }. 
By Proposition [3] we have the following system of inequalities 

fir(u, X2, *) = -^(18^5a - 12^5fc - 12^5c - 6is 7a + 16) > 0; 
Mo(w, X 2, *) = ^(-72i/ 5a + 48^ 5 fc + 48^ 5c + 24i/ 7a + 76) > 0, 

which has no integral solution. 

Group 4. Let X (u 7 ) belongs to the following set 

{ - X (5a)- x (56) + 3 X (5c), - X (5a) + 2 x (5c), - X (5a) + 2 X (56), 

- x (5o) - 2 X (56) + 4 x (5c), - X (5a) + X (56) + X (5c) }. 

Using Proposition [3] to the character X 2 we get the system 

Hr(ll, X 2, *) = ^(18^5a - 12^ 5 fc - 12^5c " 6v 7a + 21) > 0; 

(io(u, X2, *) = ^(-72u 5a + 48^ 5fc + 48^ 5c + 24z/ 7a + 56) > 0, 
which has no integral solution. 

Group 5. Finally, let X (w 7 ) = — 3 X (5a) + 4 X (5c). By Proposition [3] we get 
Mo(«, X3 , *) = 35 (48^ 5 a - 72^ 6 + 48v 5c + 85) > 0; 
H 7 {u, X3 , *) = ±(-12v 5a + 18i/56 ~ 12^ 5c + 75) > 0, 

which has no integral solution too. 

• Let u be a unit of order 55. By ([T]) and Proposition [2] we have 

V 5a + "5b + Vr oc + V lla + l> llb = 1. 

Since \u u \ = 5 and |u 5 | = 11, for any character X of G we need to consider 230 
cases, defined by parts (iv) and (v) of the Theorem. Using our implementation of 
the Luthar-Passi method, which we intended to make available in the GAP package 
LAGUNA [TO] , we can employ Proposition[3]to construct in all 230 cases the systems 
of inequalities. Actually in all cases we obtain a system of two inequalities, and a 
lot of cases lead to the same system. We present here two cases that yield the same 
system. 

Let X (u n ) = X (5a) and either X (u 5 ) = X (lla) or X (u 5 ) = 5 X (lla)— 4 X (116). 
By Proposition [3] we obtain the following system of inequalities 

H5(u,X2,*) = ^(12i/5a-8i/ 5 b-8^ 5c + 10) > 0; 
Mo(u, X 2,*) = ^(-10(12i/ 5a -8i/ 56 -8i/ 5c ) + 10) >0, 

which has no integral solution such that all Hi{u,Xj,p) are nonnegative integers. 

• Let u be a unit of order 77. By ((TJ) and Proposition [2] we obtain that 

Via + Vn a + VlXb = 1- 
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Finally, using Proposition [3] we get the system of inequalities: 

Ho(u,X2,*) = ^(60z/ 7a + 28) > 0; 
/*o(i*,X3,5) = £(-60^„ + 49)>0 I 

which has no integral solution such that all Hi(u,Xj,p) are nonnegative integers. 
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